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STABILITY OF PURE NILPOTENT STRUCTURES ON COLLAPSED
MANIFOLDS
ZUOHAI JIANG AND SHICHENG XU
ABSTRACT. The goal of this paper is to study the stability of pure nilpotent struc-
tures on a manifold associated to different collapsed metrics. We prove that if two
metrics on a 푛-manifold of bounded sectional curvature are퐿0-bi-Lipchitz equiv-
alent and sufficient collapsed (depending on 퐿0 and 푛), then up to a diffeomor-
phism, the underlying nilpotent Killing structures coincide with each other or one
is embedded into another as a subsheaf. It improves Cheeger-Fukaya-Gromov’s
locally compatibility of pure nilpotent Killing structures for one collapsed met-
ric of bounded sectional curvature to two Lipschitz equivalent metrics. As an
application, we prove that those pure nilpotent Killing structures constructed by
various smoothing method to a Lipschitz equivalent metric of bounded sectional
curvature are uniquely determined by the original metric modulo a diffeomor-
phism.
0. INTRODUCTION
0.1. Background. Let (푀푛, 푔) be a complete Riemannian 푛-manifold whose sec-
tional curvature | sec(푀, 푔)| ≤ 1. It is called 휖-collapsed, if for any 푥 ∈ 푀 the
injectivity radius satisfy inj. rad푔(푥) ≤ 휖. Collapsed manifolds under bounded sec-
tional curvature are extensively studied by Gromov, Cheeger-Gromov and Fukaya
([17], [12, 14], [8, 9], [7]). Since then many applications on manifolds of bounded
sectional curvature were obtained (e.g., [11], [32], [33], etc. and survey papers [15],
[35]).
A maximally collapsed manifold (푀푛, 푔), whose diameter and sectional curva-
ture satisfy diam(푀, 푔) ⋅ | sec(푀, 푔)|1∕2 < 휖(푛), a constant depending on 푛, is
characterized by Gromov’s almost flat manifolds ([17, 37]), such that푀 is a infra-
nilmanifold Γ∖푁 , where푁 is a nilpotent Lie group and Γ is a discrete affine trans-
formation subgroup with a universal bounded index [Γ ∶ Γ∩푁] < 푤(푛), a constant
depending only on 푛. By a parametrized version of Gromov’s almost-flat manifold,
which is called Fukaya’s fibration theorem [12, 14], the collapsing of a Riemannian
manifold (푀, 푔) to a lower-dimensional manifold (푌 , ℎ) corresponds to an affine
fiber bundle (푀,푌 , 푓 ) whose fiber is an almost flat manifold containing all col-
lapsed directions. A fiber bundle (푀,푌 , 푓 ) with fiber a infra-nilmanifold Γ∖푁 , is
called affine if its structure group is contained in the affine transformation group of
Γ∖푁 .
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In general an 휖-collapsed manifold (푀, 푔) are characterized by a nilpotent Killing
structure 픫, i.e., a sheaf of nilpotent Lie algebras of local vector fields pointing all 휖-
collapsed directions, which are Killing fields with respect to a nearby metric 푔휖 , and
generate an action of a nilpotent Lie group on a normal cover of some neighborhood
around points in푀 (see [7] or section 2.2). A collapsed manifold 푀 decomposes
along 픫 into “orbits”, which are infra-nilmanifolds maybe of different dimension,
tangent to the stalks of 픫 and absorbing all 휖-collapsed directions. The rank of 픫
is defined to be minimal dimension of its orbits. A nilpotent Killing structure 픫 is
called pure, if the dimension of its stalk is locally constant. For a pure structure
픫, we define its dimension to be that of its stalk. Since collapsing can take place
simultaneously on several length scales, nilpotent Killing structures on a fixed 휖-
collapsed metric also depend on the choice of 휖, the scale that one inspects. An
퐹 -structure constructed in [9] is an local action of a sheaf of tori (complete on a
finite norm cover) which corresponds to the smallest length scale of collapsing, i.e.,
the injectivity radius at each point.
The above theorems fails for manifolds of bounded Ricci curvatrure; see [1].
However, it is well known that provided some additional conditions, such as a pos-
itive lower bound on conjugate radius, the manifolds of (lower) bounded Ricci cur-
vature can be smoothed via various methods (e.g. [10, 31, 27], etc.) to a nearby
metric 푔휖 of bounded sectional curvature. If (푀, 푔) is 휖-volume collapsed, i.e.,
the volume of every 1-ball in (푀, 푔) is ≤ 휖, then the injectivity radius of the new
metric (푀, 푔휖) could be also small (e.g. [10]). Therefore a nilpotent Killing struc-
ture still exists on such manifolds. Via Ricci flow method ([20]), nilpotent Killing
structures are also known to exist on closed manifolds of lower bounded Ricci cur-
vature, whose universal cover satisfies the (훿, 푟)-Reifenberg condition (see [22]). In
particular, Gromov’s almost flat manifold theorem and Fukaya’s fibration theorem
holds [10, 31, 22]. It is a natural question that, besides the original metric, whether
those nilpotent Killing structures substantially depend on those different smoothing
methods? (see Remark 0.4 below)
The compatibility (resp. stability) of locally constructed pure nilpotent Killing
structures (resp. 퐹 -structures) around neighboring points for one fixed metric, such
that one fits inside another, is one of the key steps in construction of a global nilpo-
tent Killing structure (resp. 퐹 -structure); see [7] and [9]. The stability of pure
nilpotent Killing structures associated to a continuous family of metrics 푔(푡) (suffi-
ciently collapsed to a fixed limit) played an important role in solving a continuous
version of Klingenberg-Sakai conjecture ([32]).
This paper is devoted to study the stability of pure nilpotent Killing structures
for different collapsed metrics on a fixed smooth manifold, and the uniqueness of
nilpotent Killing structure obtained by various smoothing methods.
0.2. Main results. Let 푑퐿 be the Lipschitz distance between two Riemannian met-
rics on푀 defined by
푑퐿(푔1, 푔2) = inf
휑∶푀→푀
ln
(
max
{
dil(휑), dil(휑−1)
})
,
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where the infimum is taken over all diffeomorphisms 휑 ∶ 푀 → 푀 , and dil(휑) is
the optimal Lipschitz constant of 휑 (also called dilatation, cf. [2]). The main result
of this paper is as follows.
Theorem 0.1. Given 퐿0 > 0, 푛 ≥ 1, there is 휖 = 휖(퐿0, 푛) > 0 such that the
following holds.
Let 푔푖 (푖 = 1, 2) be two 휖-collapsed complete Riemannianmetrics on a 푛-manifold
푀푛 whose sectional curvature | sec(푀, 푔푖)| ≤ 1. If the nilpotent Killing structure
픫푖 associated to 푔푖 is pure, and
(0.1.1) 푑퐿(푔1, 푔2) ≤ 퐿0,
then there is a diffeomorphism Φ ∶ 푀 → 푀 such that up to a permutation the
push-forward Φ∗픫1 is a subsheaf of 픫2. If the dimensions of 픫푖 are the same, then
they are isomorphic by Φ∗ as sheaves.
Theorem 0.1 improves the local compatibility in [7] and stability of pure nilpo-
tent Killing structures in [32] to a situation that two metrics 푔1 and 푔2 are not close
in the Gromov-Hausdorff distance.
Since there are infinitely many pairwise non-conjugate isometric 푆1-actions on
푆2 × 푆3 (see Example 0.5 below), the collapsing condition in Theorem 0.1 is es-
sential.
Remark 0.2.
(0.2.1) Roughly speaking, the nilpotent structures are determined by the local fun-
damental group at the same length scale. Condition (0.1.1) is to guarantee the col-
lapsing rates of 푔푖 are on a comparable level, such that the subgroups of 휋1(퐵1(푝))
generated by 푔푖-small geodesic loops coincides on each collapsing length scale.
(0.2.2) Our construction of Φ provides a slightly different way from [7] (see Re-
mark 5.5) to prove the local compatibility of pure nilpotent Killing structures on
orthogonal fame bundles. By the method in this paper, we are able to construct a
global nilpotent structure on an open manifold that only admits a local smoothing
(e.g. [27]); see [21].
As a corollary of Theorem 0.1, we obtain the following uniqueness of pure nilpo-
tent Killing structure by various smoothing techniques.
Theorem 0.3. Given any 푛 ≥ 1, 퐶 > 0, there is a positive constant 휖(푛, 퐶) > 0
such that for 0 < 휖 < 휖(푛, 퐶), pure nilpotent Killing structures on an 휖-volume
collapsed 푛-manifold (푀푛, 푔) derived by different smoothing methods to a metric
푔0 such that
(0.3.1) 푑퐿(푔0, 푔) ≤ 1 and | sec(푀, 푔0)| ≤ 퐶
are unique up to a diffeomorphism.
Theorem 0.3 covers the nilpotent Killing structures constructed via Ricci flow
in [10, 22] and related evolutions such as [27] on manifolds of bounded Ricci
curvature, or via embedding into a Hilbert space in [31] on manifolds of lower
bounded Ricci curvature under some additional regularity assumptions (e.g., a pos-
itive bound on conjugate radius).
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By Theorem 0.3 again, Theorem 0.1 holds for any 휖-volume collapsed manifold
(푀, 푔) such that there is a nearby metric 푔0 satisfying (0.3.1). For example, if
sectional curvature bound in Theorem 0.1 is replaced by
Ric(푀, 푔푖) ≥ −(푛 − 1), conj. rad(푀, 푔푖) ≥ 푟0
and (푀, 푔푖) is 휖0(퐿0, 푛, 푟0)-volume collapsed, then the nilpotent Killing structure
exists [31] and uniquely determined by 푔푖, and the stability result in Theorem 0.1
still holds for such 푔푖.
In practice, condition (0.1.1) naturally arises in Theorem 0.3, due to that different
methods usually give rise to different curvature bounds.
Indeed, let 퐶푖(푡) (푖 = 1, 2; 푡 ≥ 0) be universal sectional curvature bounds for two
methods 푖,푡 respectively, i.e., 퐶푖(푡) = sup푔 | sec(푀, 푔푖,푡)|, where the supremum
is taken over all smoothable metric 푔, and 푔푖,푡 = 푖,푡(푔) (푖 = 1, 2) are smoothed
metrics satisfying 푑퐿(푔푖,푡, 푔) ≤ 푡. Then after normalizing to | sec | ≤ 1, the rescaled
metrics will admit a Lipschitz control
(0.3.2) 푑퐿(퐶1푔1,푡, 퐶2푔2,푡) ≤ max{ln퐶1∕퐶2, ln퐶2∕퐶1} + 푡, where 퐶푖 = 퐶푖(푡).
Remark 0.4. We point out the main issues on stability of nilpotent structures con-
structed by smoothing methods.
First, the general sectional curvature bound 퐶푖(푡) of 푔푖,푡 would blow up at a dif-
ferent rate, as 푔푖,푡 approaches 푔. For an 휖-volumed collapsed metric 푔, if the ratio
퐶1(푡)∕퐶2(푡) is large as 푡 small, then the renormalized metrics 퐶푖(푡)푔푖,푡 maybe col-
lapse on different scales.
Secondly, as the underlying metric continuously varies to different scales, sub-
nilpotent structures may appear or vanish several times (see Example 0.5 below).
A coherence between nilpotent Killing structures of 푔1,푡 and 푔2,푡′ (푡 < 푡
′) does not
imply the same between 푔1,푡′ and 푔2,푡′ , as 퐶푖(푡)∕퐶푖(푡
′) is relative large.
Due to the two issues above, a uniform curvature bound is required in Theorem
0.3.
For the same reason, the uniqueness in Theorem 0.3 cannot follow from previ-
ous results in [7] or [32], where both of them essentially deal with two 퐶1,훼-close
metrics with uniformly bounded curvature.
Here is a typical example that carries different nilpotent Killing structures (cf.
[33], [38]).
Example 0.5. Let 푆2 ×푆3 be endowed which the canonical product metric ℎ0. For
a positive integer 푘, let 휌푘 be the isometric free 푆
1-action on 푆2 × 푆3 by
푒휃
√
−1
⋅ (푥, 푧; 푣,푤) = (푥, 푒푘휃
√
−1푧; 푒휃
√
−1푣, 푒휃
√
−1푤),
where 푥 is real, 푧, 푣,푤 are complex coordinates. By [29, Proposition 5.1], 휌푘 gives
rise to circle bundles of distinct Euler class for different 푘. Thus 휌푗 and 휌푘 (푗 ≠ 푘)
are pairwise non-conjugate actions. By shrinking fibers (see [8], cf. [4]) there is a
continuous family of Riemannian metrics 푔푘(휖) on 푆
2 × 푆3 collapsing to quotient
manifold푆2×푆3∕휌푘(푆
1)with sectional curvature bound | sec(푆2×푆3, 푔푘(휖))| ≤ 퐶 ,
where 퐶 is a constant independent of 푘.
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Thus, the nilpotent Killing structures 픫푘 of 푔푘(휖) are non-isomorphic, and by
joining to ℎ0, collapsed metric 푔1,휖 can be changed smoothly to any 푔푘,휖.
By Theorem 0.1, the pairwise Lipschitz distance 푑퐿(푔푖(휖), 푔푗(휖)) goes to ∞ for
푖 ≠ 푗 as 휖 → 0.
In general, let (푀 ; 휖, 푑) be the moduli space endowed with Lipschitz dis-
tance, which consists of all isometric classes of 휖-collapsed Riemannian metrics
on a 푛-manifold 푀푛, whose sectional curvature | sec | ≤ 1 and diameter ≤ 푑. Let
(푀 ; 휖, 푑, 푘) be the subspace whose underlying nilpotent Killing structure has di-
mension equals to 푘. Then by Theorem 0.1, for 0 < 휖 ≤ 휖(푛, 푑), each component of
(푀 ; 휖, 푑, 푘) corresponds a unique isomorphism class of nilpotent Killing struc-
tures on 푀 . Moreover, the Lipschitz distance between metrics in (푀 ; 휖, 푑, 푘)
corresponding to distinct nilpotent Killing structures goes to infinity as 휖 → 0.
The remaining of the paper is organized as follows. In section 1 we fix some
notations, and recall some preliminary facts on submersions and nilpotent Killing
structures. Since the proof of Theorem 0.1 is quite long, we first give an outline in
section 2. Section 3 to section 6 are devoted to the proof of Theorem 0.1.
Acknowledgment. We owe gratitude to Xiaochun Rong for raising related prob-
lems, his constant support and encouragement. The second author is grateful to
Fuquan Fang for several highly stimulating conversations. We would like to thank
Xuchao Yao for some useful discussions. This work is supported partially by NSFC
Grant 11401398 and by Youth Innovative Research Team of Capital Normal Uni-
versity.
1. NOTATIONS AND PRELIMINARIES
In this section we fix some notations, and recall some elementary facts used later.
1.1. Submersions. Let 푓 ∶ (푀, 푔) → (푌 , ℎ) be a (not necessarily Riemannian)
submersion between two manifolds. The 푓 -vertical distribution tangent to 푓 -fibers
and its orthogonal complement, the 푓 -horizontal distribution, are denoted by 푓
and 푓 respectively. We use 푓 (푥) (resp. 푓 (푥)) to denote the vertical (resp.
horizontal) subspace at 푥 ∈ 푀 .
The second fundamental form 퐼퐼푓 of 푓 -fibers and the integrability tensor 퐴푓 of
푓 are defined respectively by
퐼퐼푓 ∶ 푓 (푥) × 푓 (푥) → 푓 (푥), 퐼퐼푓 (푇 , 푇 ) = (∇푇 푇 )⟂|푥,
퐴푓 ∶ 푓 (푥) ×푓 (푥) → 푓 (푥), 퐴(푋, 푌 ) = [푋, 푌 ]⊤|푥 ∈ 푓 (푥).
If a submersion 푓 ∶ (푀, 푔) → (푌 , ℎ) is proper, then (푀,푌 , 푓 ) forms a locally
trivial fiber bundle, whose local trivialization can be realized via 푓 -horizontal lift-
ing curves. Since our construction of a bundle isomorphism in section 5 relies on
this, we recall the local trivialization and related estimates in below.
Let 푔 and ℎ be any fixed Riemannian metric tensor on 푀 and 푌 respectively.
Let 푝 ∈ 푌 be a fixed point and let 0 < 푟 < inj. rad(푝) in (푌 , ℎ). For any point
푥 ∈ 푓−1(퐵푟(푝)), there is a unique minimal geodesic 훾푥 ∶ [0, 1] → 푌 connecting
푓 (푥) = 훾푥(0) and 푝 = 훾푥(1). Because 푓 is proper, the horizontal lifting 훾̃푥 ∶
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[0, 1] → 푀 at 푥 is uniquely well-defined by 훾̃푥(0) = 푥, 푓 (훾̃푥(푡)) = 훾푥(푡), and
tangent vector 훾̃ ′
푥
(푡) lies in horizontal distribution 푓 . We define a map
(1.1.1) 휑 ∶ 푓−1(퐵푟(푝)) → 퐵푟(푝) × 퐹푝 by 휑(푥) = (푓 (푥), 훾̃푥(1)),
where 퐹푝 = 푓
−1(푝) is a 푓 -fiber over 푝.
By construction, pr1 ◦휑 = 푓 , where pr1 is the projection to the 1st factor. Since
휑 can be viewed as a projection of a flow in 푇푀 generated by tangent fields of 훾̃푥
at time 1, 휑 ∶ 푓−1(퐵푟(푝)) → 퐵푟(푝) × 퐹푝 is a diffeomorphism. Thus the map 휑 is a
local trivialization of fiber bundle (푀,푌 , 푓 ).
Let 휑2 ∶ 푓
−1(퐵푟(푝)) → 퐹푝 be the 2nd factor of 휑, then by definition
(1.1.2) 휑(푥) = (푓 (푥), 휑2(푥)), 휑2(푥) = 훾̃푥(1).
By standard variation methods (cf. Lemma 1 in [25]), d휑2 is under control
by 퐼퐼푓 , 퐴푓 , Lipschitz and co-Lipschitz constant of 푓 , and the sectional curvature
bound of the base space 푌 , as follows.
Let퐿0 > 0 be a co-Lipschitz constant of 푓 , i.e., for any horizontal vector 휉 ∈ 푓 ,|휉|푔 ≤ 퐿0 ⋅ | d푓 (휉)|ℎ. Then for any vertical vector 푣 ∈ 푓 (푥),
(1.2.1) 푒−퐿0|퐼퐼|푟(푥)|푣| ≤ | d휑2(푣)| ≤ 푒퐿0|퐼퐼|푟(푥)|푣|,
where |퐼퐼| = sup푞∈푌 |퐼퐼퐹푞 |, and 푟(푥) = 푑(푓 (푥), 푝) ≤ 푟 is the distance between
points 푓 (푥) and 푝.
If 퐿1 is a Lipschitz constant of 푓 and | sec(푌 , ℎ)| ≤ 1, then any horizontal 푤 ∈푓 (푥) and 0 ≤ 푟(푥) ≤ min{휋2 , 푟},
(1.2.2) | d휑2(푤)| ≤ 퐶퐿0퐿21푒퐿0|퐼퐼|푟(푥)|퐴|푟(푥) ⋅ |푤|,
where |퐴| = sup푞∈푌 |퐴퐹푞 | and 퐶 is a universal constant.
Now let 푓 ∶ (푀, 푔) → (푌 , ℎ) be an 휖-almost Riemannian submersion, i.e., , for
any vector 휉 perpendicular to a 푓 -fiber,
(1.3.1) 푒−휖|휉|푔 ≤ | d푓 (휉)|ℎ ≤ 푒휖|휉|푔.
Bydefinition and easy calculation, the norms of 퐼퐼푓 and퐴푓 are pointwisely bounded
by the second fundamental form ∇2푓 = ∇푑푓 . That is,
(1.4.2) |퐼퐼퐹푝| ≤ 푒휖 ⋅ |(∇푑푓 )퐹푝 |, |퐴퐹푝| ≤ 2푒3휖 ⋅ |(∇푑푓 )퐹푝 |,
where |∇푑푓 | = max|푋|=|푌 |=1 |∇푑푓 (푋, 푌 )|.
If푀 is complete and 푌 is connected, then for any 푝, 푞 ∈ 푌 ,
(1.4.3) 푒−휖 ⋅ 푑(푝, 푞) ≤ 푑퐻 (푓−1(푝), 푓−1(푞)) ≤ 푒휖 ⋅ 푑(푝, 푞),
where 푑퐻 (퐴,퐵) is the Hausdorff distance between two subsets 퐴,퐵 in a metric
space, i.e., the infimum of 휖 > 0 such that the 휖-neighborhood of 퐴 contains 퐵 and
vice versa.
Indeed, because 푓 (푀) is open and close in 푌 , 푓 (푀) = 푌 . By definition, 푓 is 푒휖-
Lipschitz, which implies 푑(푝, 푞) ≤ 푒휖 ⋅ 푑(푓−1(푝), 푓−1(푞)). Because the horizontal
lifting curve of a minimal geodesic 훾 connecting 푝 and 푞 has length ≤ 푒휖푑(푝, 푞),
푑퐻 (푓
−1(푝), 푓−1(푞)) ≤ 푒휖 ⋅ 푑(푝, 푞).
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The injectivity radius function inj. rad푔 ∶ 푀 → ℝ on a complete Riemannian
manifold (푀, 푔) is known to be locally 1-Lipschitz [39], i.e., for any two points 푝, 푞
in푀 ,
(1.5.1) inj. rad푔(푞) ≥ min{inj. rad푔(푝), conj. rad푔(푞)} − 푑(푝, 푞),
where conj. rad푔(푞) is the conjugate radius at 푞, and 푑(푝, 푞) is the distance between
푝 and 푞.
Given real numbers 퐿 ≥ 1 and 휖 ≥ 0, a (not necessarily continuous) map 휓 ∶
푋 → 푌 between metric spaces is called a (퐿, 휖)-quasi-isometry if for all 푥1 and 푥2
in 푋,
(1.6.1) 퐿−1푑푋(푥1, 푥2) − 휖 ≤ 푑푌 (휓(푥1), 휓(푥2)) ≤ 퐿푑푋(푥1, 푥2) + 휖,
and 휓(푋) is 휖-dense in 푌 .
We use 휘(휖|푎, 푏, 푐,…) to denote a positive function depending on 휖, 푎, 푏, 푐,…
such that after fixing 푎, 푏, 푐,… , 휘(휖|푎, 푏, 푐,…) → 0 as 휖 → 0. It will be simply
written as 휘(휖), if the dependence is clear.
1.2. Nilpotent Killing structures. The reference for this subsection is [7].
Let 픫 be a sheaf of Lie algebras generated by locally defined smooth vector fields
on푀 . A metric 푔 on푀 is called 픫-invariant, if all (local) sections of 픫 are Killing
fields for 푔.
For a local section 푋 of 픫, its flow defines a local one-parameter action. A set
푍 ⊂ 푀 is called invariant if 푍 is preserved by all such actions. For any point
푝 ∈ 푀 , the orbit 푂푝 of 푝 is defined to be the minimal invariant set containing 푝.
Let 픫 be a sheaf of nilpotent Lie algebras. It is called a nilpotent Killing structure
for 푔, if for any 푝 ∈ 푀 , there is an invariant neighborhood 푈 of 푝 and a normal
covering 휋 ∶ 푈̃ → 푈 such that
(1) The integral of the pullback sheaf 휋∗픫(푈̃ ) generates an isometric action 휌
of a simply connected nilpotent Lie group 푁푈 , whose kernel 퐾 = ker 휌 is
discrete.
(2) 푁푈 and the deck-transformation group Λ on 푈̃ generates an isometric ac-
tion of a Lie group퐻 of finite many components, extending that of Λ such
that the identity component 푁0 = 푁푈∕퐾.
(3) For any open 푊̃ ⊂ 푈̃ containing a preimage point of 푝, the structure ho-
momorphism 휋∗픫(푈̃ ) → 휋∗픫(푊̃ ) is an isomorphism.
(4) The neighborhood 푈 and covering 푈̃ can be chosen independent of 푝 ∈ 푂푝.
The 픫-invariant metric 푔 is called (휌, 푘)-round, if in addition, the neighborhood 푈
above can be chosen to satisfies the following properties.
(1) 푈 contains a metric ball퐵휌(푝) and all points in 푈̃ away from boundary have
injectivity radius > 휌.
(2) #퐻∕푁0 = #Λ∕(Λ ∩푁0) ≤ 푘.
To illustrate what happens, we give some elementary but typical examples.
Let 푁 be a simply connected nilpotent Lie group, Λ be a co-compact discrete
subgroup, and let 푔 be a left invariant metric on 푁 . Let 픫 be the sheaf of right
invariant vector fields, which are Killing fields for 푔.
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Example 1.9 (nilmanifolds). Let 푋 be a right invariant vector field on푁 . Then for
any 푎 ∈ 푁 and 휆 ∈ Λ, 휆 ⋅ exp 푡푋 ⋅푎 = exp 푡Ad휆푋 ⋅휆 ⋅푎. The conjugate quotient 픫
by Λ defines a canonical nilpotent Killing structure on the nilmanifold Λ∖푁 . The
center of 픫 will descend to a subsheaf which generates a torus action on Λ∖푁 .
Let ∇can be the canonical flat connection with parallel torsion on 푁 . Then its
affine transformation group is 푁 ⋊ Aut(푁). A infra-nilmanifold 푍 is a compact
quotient manifold Γ∖푁 , where Γ is a discrete subgroup of푁 ⋊Aut(푁). The con-
nection ∇can descends to 푍, which is called a canonical affine structure. The affine
group is denoted by Aff(Γ∖푁). Since the index [Γ ∶ Γ∕Γ∩푁] < 푤(푛), the canon-
ical nilpotent Killing structure on (Γ∩푁)∖푁 induces a canonical nilpotent Killing
structure on 푍.
Example 1.10 (affine bundles). A fiber bundle (푋, 푌 , 푓 ) is called to be affine, if
its fiber 푍 is diffeomorphic to a infra-nilmanifold Λ∖푁 and its structure group is
contained in Aff(Γ∖푁). The sheaf of parallel vector fields along fibers naturally
form a nilpotent Killing structure 픫 on 푋 (cf. [7, II.4]). A metric 푔 on 푋 is called
affine-invariant, if it is 픫-invariant.
Let 퐺 be a compact group acting on 푋 and 푌 isometrically. If the bundle pro-
jection 푓 is 퐺-equivariant, i.e.,
푓 (푔 ⋅ 푥) = 푔 ⋅ 푓 (푥), for ∀ 푔 ∈ 퐺, ∀ 푥 ∈ 푋,
and at the same time, 퐺 preserves the affine structure on every fiber, then the action
of 퐺 extends to an action on 픫, such that the actions of 픫 and 퐺 on 푋 commute
(see [7] for details). If the action of 퐺 is free, then the quotient sheaf 픫̄ on 푋∕퐺 is
also a nilpotent Killing structure.
A bundle mapΦ between two affine bundles (푋푖, 푌푖, 푓푖) (푖 = 1, 2) is called affine-
equivariant, if it preserves the affine structures, i.e., Φ∗픫1 is a subsheaf of 픫2.
The existence of a nilpotent Killing structure was proved in [7] for collapsed
manifolds with bounded sectional curvature.
Theorem 1.11 ([7]). For any 훿 > 0 and integer 푛 > 0, there are 휌, 휖 > 0, and
integer 푘 ≥ 1 such that the following holds.
Let (푀, 푔) be an 휖-collapsed 푛-manifold of | sec(푀, 푔)| ≤ 1. Then 푀 carries
a nilpotent Killing structure 픫 of positive rank for a nearby 픫-invariant metric 푔훿 ,
which is (휌, 푘)-round and satisfies
(1) 푔−훿푔 < 푔휖 < 푒
훿푔,
(2) 푔훿’s connection is 휘(훿)-close to that of 푔,
(3) curvature operator 푅푔훿 and its 푖-th covariant derivatives is bounded by
푐(푛, 푖, 훿).
By its construction in [7], 픫 is induced by an 푂(푛)-invariant nilpotent Killing
structure on an 푂(푛)-equivariant affine bundle (퐹푀, 푌 , 푓 ), where 퐹푀 is the or-
thonormal frame of푀 with a canonical metric induced by a bi-invariant metric on
푂(푛) and the Levi-Civita connection of 푔.
Conversely, let 픫 be a nilpotent Killing structure on (푀, 푔) and 푔 is 픫-invariant.
Then by definition, the differential of local actions of 픫 gives rise to a nilpotent
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Killing structure 픫̃ on 퐹푀 , which corresponds to a canonical nilpotent structure
on an 푂(푛)-equivariant affine bundle, whose quotient is 픫.
We call two fiber bundles (푋푖, 푌푖, 푓푖) (푖 = 1, 2) to be isomorphic if there are
diffeomorphisms Φ ∶ 푋1 → 푋2 and Ψ ∶ 푌1 → 푌2 such that Ψ◦푓1 = 푓2◦Φ. Two
affine bundles are isomorphic if such Φ also preserves the affine structure. Clearly,
Φ is affine if and only ifΦ is 픫-equivariant, i.e.,Φ commutes with the local actions
of the canonical nilpotent Killing structure.
2. OUTLINE OF PROOF THEOREM 0.1
Our main Theorem 0.1 is a consequence of the following.
Theorem 2.1. Given any real number 퐿0 ≥ 1, 훿0 > 0, and positive integers 푛 >
푚 ≥ 1, there is 휖0(퐿0, 훿0, 푛) > 0 (independent of 휆 ≥ 1) such that the following
holds.
Let 푀푛 be a complete 푛-manifold and (푀푛, 푌 푚
푖
, 푓푖) (푖 = 1, 2) be affine bundles
over 푚-manfolds 푌 푚
푖
respectively. Let 푔푖 be an affine-invariant (w.r.t. 푓푖) Riemann-
ian metric on푀 such that
(2.1.1) | sec(푀, 푔)| ≤ 1, | sec(푌푖, ℎ푖)| ≤ 1,
where ℎ푖 is the quotient metric of 푔푖 on 푌푖. Assume that
(2.1.2) the metrics 푔1, 푔2 are 퐿0-equivalent, i.e., 퐿
−1
0
푔2 ≤ 푔1 ≤ 퐿0푔2, and
(2.1.3) for any 푝 ∈ 푌푖, the diameter and the second fundamental form of 푓푖-fiber
퐹푖,푝 = 푓
−1
푖
(푝) satisfies
diam푔푖 퐹푖,푝 ≤ 휖 ⋅min{1, inj. radℎ푖(푝)}, |퐼퐼퐹푖,푝 | ≤ 훿0.
Then there is an affine bundle isomorphism (Φ,Ψ) such that 푓2◦Φ = Ψ◦푓1.
If in addition, there is a Lie group 퐺 acting isometrically on both of (푀, 푔푖) and
(푌푖, ℎ푖) so that 푓푖 is a 퐺-equivariant affine bundle, then the diffeomorphisms in the
bundle isomorphism between (푀,푌푖, 푓푖) are also 퐺-equivariant.
Note that, in Theorem 2.1 we do not assume 푓푖-fibers absorb all collapsed direc-
tions. Hence, potentially 푌푖 maybe also collapse.
Compared to the earlier stability results ([7, section 7], [23], [36], [25], etc.), our
main improvement here is that no fiberwise closeness (nor 퐶1-closeness) of 푓푖 are
required.
Theorem 0.1 is a corollary of Theorem 2.1. Indeed, by (0.1.1), up to a shift
of the collapsing scale, the nilpotent Killing structure 픫푖 (푖 = 1, 2) correspond-
ing to 푔푖 can be chosen of the same dimension. According to [7] (or see section
2.2), there is a complete Riemannian manifold 푌푖 and an 푂(푛)-invariant affine bun-
dle, (퐹푀, 푌푖, 푓̃푖), on the orthogonal frame bundle 퐹푀 , whose canonical nilpo-
tent Killing structure descends 푂(푛)-equivariantly to 픫푖 on (푀, 푔푖). Since there are
nearby 픫푖-invariant metrics 푔푖,휖 of uniformly bounded sectional curvature, without
loss of generality we assume that 푔푖 (resp. the induced metric 푔̃푖 on 퐹푀) itself is픫푖-
invariant (resp. 푂(푛)-invariant and 픫푖-invariant). Thus Theorem 0.1 is reduced to
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the stability of affine bundles with invariant metrics. Let Φ̃ be the affine bundle iso-
morphism between (퐹푀, 푌푖, 푓̃푖) provided by Theorem 2.1. Then its 푂(푛)-quotient
is the desired diffeomorphism in Theorem 0.1.
The main part of this paper is devoted to the proof of Theorem 2.1, which is
divided into three steps:
Step 1. construct a 푒휖퐿0-bi-Lipschitz diffeomorphism Ψ ∶ 푌1 → 푌2 such that
푑(Ψ◦푓1, 푓2) ≤ 2퐿0휖. See Proposition 4.1.
Step 2. construct a diffeomorphism Φ1 ∶ 푀 → 푀 such that Φ1 is 2퐿
2
0
휖-close
to Id푀 (measured in 푔1), 푓2 = Ψ◦푓1◦Φ1, and for any 푝 ∈ 푌1 and 퐹1,푝 = 푓
−1
1
(푝),
the restriction Φ1|퐹2,푝 ∶ 퐹2,푝 → 퐹1,Ψ(푝) is 푒휖퐿0-bi-Lipschitz. See Proposition 5.3.
Step 3. modify Φ1 to get a bundle isomorphism Φ2 ∶ 푀 → 푀 that preserves
the affine bundle structure. See Proposition 6.2.
If in addition, 푓푖 is 퐺-equivariant, where 퐺 acts by isometries, then so are Φ1,
Φ2 and Ψ.
The key in first two steps is a weak 퐶1-closeness between 푓푖 in the following
sense, whose proof will be carried out in Section 3.
Proposition 2.2 (Weak퐶1-closeness of 푓푖). Let 푓푖 ∶ (푀
푛, 푔푖) → (푌
푚
푖
, ℎ푖) (푖 = 1, 2)
be two 휖-Riemannian submersions satisfying (2.1.1), (2.1.2), (2.1.3) and |∇2푓푖| ≤
훿0 (푖 = 1, 2). Then the followings hold.
(2.2.1) For any 푥 ∈ 푀 , the dihedral angle measured in 푔푖 between vertical sub-
spaces 푓1(푥) and 푓2(푥) ≤ 휘(휖 |퐿0, 훿0, 푛).
(2.2.2) For any 푓1-horizontal vector 푤 ∈ 푇푥푀 with |푤|푔1 = 1,
푒−휘(휖|퐿0,훿0,푛)퐿−1
0
≤ |푑푓2(푤)| ≤ 푒휘(휖|퐿0,훿0,푛)퐿0.
For any 푝 ∈ 푌1, after fixing a point 푥 ∈ 푓
−1
1
(푝), a smooth map 휓푝,푥 can be
defined by
(2.3.1) 휓푝,푥 ∶ 퐵푟(푝) → 푌2, 푞 ↦ 휓푝,푥(푞) = 푓2(훾̃푞(1)),
where 0 < 푟 < inj. radℎ1 (푝), and 훾̃푞(푡) ∶ [0, 1] → 푀 is the 푓1-horizontal lifting
at 푥 of the unique minimal geodesic 훾푞 ∶ [0, 1] → 푌1 from 푝 to 푞. By Proposition
2.2, Ψ푝,푥 is a 퐿0푒
휘(휖|퐿0,훿0,푛)-bi-Lipschitz diffeomorphism1 from 퐵푟(푝) onto an open
set 푉 ⊂ 푌2; see Remark 5.6 below. The map Ψ is essentially an average of local
diffeomorphisms {휓푝,푥}푥∈푓−1
1
(푝); see Section 4.
Our construction of Φ1 in Section 5 is via 푓1-horizontal liftings of minimal
geodesics, which is different from [7, Proposition A.2.2] by the normal projection
on fibers through minimal geodesics. It requires only weak 퐶1-closeness and 퐶0-
closeness of Ψ◦푓1 and 푓2. The method in [7] still works with some additional
arguments to guarantee Ψ◦푓̃1 and 푓2 to be 퐶
1-close; see Remark 4.2.
In Section 6, we will further prove that, after identifying the simply connected
nilpotent groups associated to 픫푖 by their lattice, their actions on the universal cover
of local neighborhoods of points in 푀 are 퐶1-close; see Lemma 6.1. Then Φ2 is
1This property roots back to an observation by Xiang Li and Xiaochun Rong, see [26].
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obtained by the same average method in [7], i.e., averaging over a infra-nil fiber so
that actions of the corresponding nilpotent group are conjugate on a local cover.
3. WEAK 퐶1-CLOSENESS
In this section we prove Proposition 2.2. Let 푓푖 ∶ (푀
푛, 푔푖) → (푌
푚
푖
, ℎ푖) (푖 =
1, 2) be two 휖-almost Riemannian submersions which satisfy | sec(푀, 푔푖)| ≤ 1,| sec(푌푖, ℎ푖)| ≤ 1 and the following three conditions:
(3.1.1) 푔푖 are 퐿0-equivalent, i.e., 퐿
−1
0
푔2 ≤ 푔1 ≤ 퐿0푔2.
(3.1.2) for any 푝 ∈ 푌푖, the intrinsic diameter of the 푓푖-fiber 퐹푖,푝 = 푓
−1
푖
(푝) satisfies
diam푔푖 퐹푖,푝 ≤ 휖 ⋅min{1, inj. radℎ푖(푝)}.
(3.1.3) the second fundamental form of 푓푖 satisfies |∇2푓푖|퐶0 ≤ 훿.
Note that no uniformly injectivity radius on (푌푖, ℎ푖) is assumed, and a prior there
is no bound between inj. radℎ1 (푓1(푥)) and inj. radℎ2 (푓2(푥)) for a point 푥 ∈ 푀 .
A key observation is that, after lifting 푓푖 to the iterated tangent space 푇표(푇푥푀)
and blowing up the pull-back metrics, they would be close to two linear maps re-
spectively, such that up to a diffeomorphic chart transformation, their fibers coin-
cide with each other.
The proof is based on a quasi-isometry 휓 ∶ (푌1, ℎ1) → (푌2, ℎ2) such that 휓◦푓1
is close to 푓2, which naturally defined by a shift between 푓푖 ∶ (푀, 푔푖) → (푌푖, ℎ푖)
(푖 = 1, 2) below.
For 푝 ∈ 푌1, let us define 휓(푝) to be a point in 푓2(푓
−1
1
(푝)). Then by (3.1.1), for
any 푥 ∈ 푀 and 푝 = 푓1(푥),
(3.2.1) 푑(휓(푓1(푥)), 푓2(푥)) ≤ 푒휖 ⋅ diam푔2 퐹1,푝 ≤ 푒휖퐿0 diam푔1 퐹1,푝.
Moreover, it is easy to see that
푑(휓(푝), 휓(푞)) ≤ 푒휖퐿0푑퐻,푔1(퐹1,푝, 퐹1,푞) + 푒휖퐿0 diam푔1 퐹1,푝, and(3.2.2)
푑(휓(푝), 휓(푞)) ≥ 푒−휖퐿−1
0
푑퐻,푔1
(퐹1,푝, 퐹1,푞) − 푒
휖 diam푔2 퐹2,푝 − 푒
휖퐿0 diam푔1 퐹1,푝.
Since by (1.4.3), 푑퐻,푔1(퐹1,푝, 퐹1,푞) is proportional to 푑(푝, 푞) by 푒
휖, we have
Lemma 3.3. The map 휓 is an (푒2휖퐿0, 2푒
휖퐿0휖)-quasi-isometry.
Before given the proof of Proposition 2.2, we make some preparation.
Let us fix a point 푥 ∈ 푀 and consider the exponential map of (푀, 푔2), exp푥;푔2 ∶
푇푥푀 → 푀 . Let 푔
∗
1
= exp∗
푥;푔2
(푔1) and 푔
∗
2
= exp∗
푥;푔2
(푔2) be the pullback metric
tensors on 푇푥푀 , and pull back again 푔
∗
푖
on 푇푥푀 to the tangent space 푇표(푇푥푀) by
exp표;푔∗
1
of 푔∗
1
, where the pullback tensors are denoted by 푔∗∗
푖
.
Then the ball 퐵 휋
2
(표; 푔∗
1
) ⊂ (푇표(푇푥푀), 푔
∗
1
|표), denoted again by 푈 , satisfies (cf.
[39])
(3.3.1) inj. rad(푈, 푔∗∗
푖
) ≥ 휋
2
퐿−1
0
, | sec(푈, 푔∗∗
푖
)| ≤ 1.
The lifting 휖-almost Riemannian submersions are well-defined on 푈 ,
(3.3.2) 푓̃푖 = 푓푖◦ exp푥;푔2 ◦ exp표;푔∗1
∶ (푈, 푔∗∗
푖
) → 푓̃푖(푈 ) ⊂ (푌푖, ℎ푖).
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Let {푓푖,푗 ∶ (푀푗 , 푔푖,푗) → (푌푖,푗 , ℎ푖,푗)}푖=1,2 be a contradiction sequence to Propo-
sition 2.2 with 휖푗 → 0, where the conclusion fails at a point 푥푗 ∈ 푀푗 . With-
out loss of generality, we assume that inj. radℎ1 (푓1,푗(푥)) ≤ inj. radℎ2(푓2,푗 (푥)). Let
휀̂푗 = 휖
1∕2
푗
⋅ inj. radℎ1 (푓1(푥)).
After blowing up with 휀̂−1
푗
, by Cheeger-Gromov convergence theorem ([5, 6, 18],
cf. [16, 30, 24]) and (3.3.1),(
푈푗 , 표푗 , 휀̂
−2
푗
푔∗∗
푖,푗
)
퐶1,훼
⟶
(
ℝ
푛, 푔푖,∞, 표푖
)
, 푗 →∞,(
푌푖,푗 , 푓푖,푗(푥푗), 휀̂
−2
푗
ℎ푖,푗
)
퐶1,훼
⟶
(
ℝ
푚, 표푖
)
, 푗 →∞.
Then the identity map 퐼푗 ∶
(
푈푗 , 표푗 , 휀̂
−2
푗
푔∗∗
1,푗
)
→
(
푈푗 , 표푗 , 휀̂
−2
푗
푔∗∗
2,푗
)
converges to a
smooth bi-Lipschitz map 퐼∞ ∶ (ℝ
푛, 푔1,∞, 표1) → (ℝ
푛, 푔2,∞, 표2), which in general is
not linear.
By passing to a subsequence, the lifting map defined by (3.3.2),
푓̃푖,푗 ∶
(
푈푗 , 표푗 , 휀̂
−2
푗
푔∗∗
푖,푗
)
→
(
푓̃푖,푗(푈푗), 푓푖,푗(푥푗), 휀̂
−2
푗
ℎ푖,푗
)
,
converges to a canonical projection 푓̃푖,∞ ∶
(
ℝ
푛, 푔푖,∞, 표
)
→
(
ℝ
푚, 표푖
)
.
Let us consider the quasi-isometry 휓푗 ∶ 푌1,푗 → 푌2,푗 defined for {푓푖,푗} such
that 휓푗 maps 푓1,푗(푥푗) to 푓2,푗(푥푗). By (3.2.1) and after blow-up, the distance error
measured on (푌2,푗 , 휀̂
−2
푗
ℎ2,푗) satisfies that, for any 푦̃ ∈ 푈푗 ,
푑(휓푗◦푓̃1,푗(푦̃), 푓̃2,푗(푦̃)) ≤ 푒휖푗퐿0 ⋅ 휀̂−1푗 diam푔1,푗 푓−11,푗 (푓̃1,푗 (푦̃)).
Moreover, for any 푝, 푞 ∈ (푌1,푗 , 휀̂
−2
푗
ℎ1,푗), we derive from (3.2.2) that
푑
(
휓푗(푝), 휓푗 (푞)
)
≤ 푒2휖푗퐿0 ⋅ 푑 (푝, 푞) + 푒2휖푗퐿0 ⋅ 휀̂−1푗 ⋅min
{
diam푔1,푗 푓
−1
1,푗
(푝), diam푔1,푗 푓
−1
1,푗
(푞)
}
.
By the choice of 휀̂푗 and |∇2푓푖,푗| ≤ 훿0,
휀̂−1
푗
⋅ diam푔1,푗 푓
−1
1,푗
(푓̃1,푗(푦̃)) ≤√휖푗 .
It follows from a standard diagonal procedure that a subsequence of휓푗 converges
to a 퐿0-Lipschitz map 휓∞ ∶ (ℝ
푛, 표1)→ (ℝ
푛, 표2) such that
(3.3.3) 휙∞◦푓̃1,∞ = 푓̃2,∞◦퐼∞.
We are now ready to prove Proposition 2.2.
Proof of Proposition 2.2. Recall that the dihedral angle between the vertical sub-
spaces푓1(푥) and푓2(푥) is defined to be theHausdorff distance 푑퐻 (푆푉푓1 (푥), 푆푉푓2 (푥))
in the 푔2-unit sphere of 푇푥푀 , where 푆푉푓푖(푥) = 푓푖 ∩ 푆푥푀 and 푆푥푀 is the 푔2-
unit sphere centered at the origin of 푇푥푀 . Because 푔1 and 푔2 are 퐿0-equivalent, it
makes no substantial difference, if instead, the dihedral angle is measured in 푔1.
STABILITY OF PURE NILPOTENT STRUCTURES 13
Since |∇2푓푖| ≤ 훿0, it is clear that the contradicting sequence above is 휘(휖)-close
to 푓̃푖,∞ in the 퐶
1,훼-norm, whose fibers, by (3.3.3), coincide with each other. So by
a contradiction argument, we derive (2.2.1).
Since the pullback metric 퐼∗
∞
푔2,∞ satisfies
퐿−1
0
퐼∗
∞
푔2,∞ ≤ 푔1,∞ ≤ 퐿0퐼∗∞푔2,∞,
by (3.3.3), for any 푓̃1,∞-horizontal vector 푤 ∈ 푇표ℝ
푚 with |푤|푔1,∞ = 1,
퐿−1
0
≤ | d푓̃2,∞(푤)| ≤ 퐿0.
By 퐶1,훼-convergence of 푓̃푖,푗 again, (2.2.2) follows from a contradiction argument.

Remark 3.4. Clearly, (2.2.2) implies a uniform control on the deviation of 푓푖-horizontal
distributions from each other. However, they are not necessarily close. An easy ex-
ample can be found on a flat torus, where the twometrics 푔1 and 푔2 are induced from
(ℝ2, 푔̃푖)with two flat metrics whose orthonormal decompositions are different from
each other by a definite angle.
4. DIFFEOMORPHISM Ψ BETWEEN BASE SPACES
We are to improve the quasi-isometry 휓 in Lemma 3.3 to a bi-Lipschitz diffeo-
morphism Ψ ∶ 푌1 → 푌2 via center of mass.
Let (퐹 , 휈) be a probability measure space and let 횤 ∶ 퐹 → 푌2 be a measurable
map into (푌2, ℎ2). If its image 횤(퐹 ) is contained in a convex ball 퐵푎(푧) of radius
푎 <
휋
6
, then the smooth energy function
퐸(푦) =
1
2 ∫퐹 푑
2(횤(푥), 푦)푑휈
is strictly convex in 퐵3푎(푧). It is clear that 퐸 takes a unique minimum point at some
point 푧1 in the closure of 퐵2푎(푧). We call 푧1 the center of mass of 횤 (cf. [19], [7]).
Proposition 4.1. There is 휖0 = 휖0(퐿0, 훿0, 푛) > 0 such that for any two 휖-almost Rie-
mannian submersions 푓푖 ∶ (푀, 푔푖) → (푌푖, ℎ푖) in Proposition 2.2 with 휖 < 휖0, there
is a 푒휘(휖|퐿0,훿0,푛)퐿0-bi-Lipschitz diffeomorphism Ψ ∶ (푌1, ℎ1) → (푌2, ℎ2) satisfying
that, for any 푝 ∈ 푌1 and 푥 ∈ 퐹1,푝 = 푓
−1
1
(푝),
(4.1.1) 푑(Ψ◦푓1(푥), 푓2(푥)) ≤ 2퐿0 diam푔1 퐹1,푝.
If in addition, 푓푖 (푖 = 1, 2) are 퐺-equivariant, then Ψ is also 퐺-equivariant.
Proof. Since the diameter of 푓2(퐹1,푝),
diamℎ2(푓2(퐹1,푝)) ≤ 퐿0푒휖휖 < 휋6 ,
let us define Ψ(푝) to be the center of mass of 푓2 ∶ 퐹1,푝 → (푌2, ℎ2). By definition,
(3.2.1) implies (4.1.1). In the following we prove that Ψ is a diffeomorphism.
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By definition, Ψ(푝) is the critical point of the energy functional 퐸푝(⋅) = 퐸(푝; ⋅),
where
(4.1.2)
퐸(푝; 푦) =
1
2 ⨍퐹1,푝 푑
2(푓2(푥), 푦) dvol(푥)
=
1
2 vol(퐹1,푝) ∫퐹1,푝 푑
2(푓2(푥), 푦) dvol(푥)
Let (푝1, 푝2,… , 푝푚) and (푦1, 푦2,⋯ , 푦푚) be local coordinates around 푝 and Ψ(푝) re-
spectively. Then 푦 = Ψ(푝) is the implicit function determined by the Pfaffian equa-
tion, 휕푦퐸(푝; 푦) = 0, a system of equations in local coordinates on 푌1 × 푌2 below:
(4.1.3)
퐸′
푗
(푝1,… , 푝푚; 푦1,… , 푦푚)
=⨍퐹1,푝 푑(푓2(푥), 푦)
⟨
∇푟푓2(푥),
휕
휕푦푗
⟩
dvol(푥) = 0, (푗 = 1,… , 푛)
where 푟푦 = 푑(푦, ⋅) be the distance function on (푌2, ℎ2).
Let퐸′ = (퐸′
1
,… , 퐸′
푚
) and 휕푦퐸
′ be the differential of퐸′(푝; ⋅) after fixing 푝. Then
it is easy to determine 푑Ψ by
(4.1.4) 푑Ψ = −(휕푦퐸
′)−1◦휕푝퐸
′,
As for 휕푝퐸
′, we may assume that (푦1,… , 푦푚) is the normal coordinates at 푦 ∈
(푌2, ℎ2). Then by identifying points and their position vectors,
푑(푓2(푥), 푦)∇푟푓2(푥) = −푓2(푥).
Thus (4.1.3) can be rewritten as a vector equation
퐸′(푝1,… , 푝푚; 0,… , 0) = ⨍퐹1,푝 −푓2(푥) dvol(푥) = 0.
For any unit-speed geodesic 훾(푡)with 훾(0) = 푝, let 푥(푡) ∈ 퐹1,훾(푡) be its 푓1-horizontal
lifting that starts at 푥 ∈ 퐹1,푝. By direct calculation,
휕퐸′
휕푡
=
푑
푑푡 ⨍퐹1 −푓2(푥(푡)) dvol(푡)
= − ⨍ d푓2(푥′(푡)) − ⨍ 푓2(푥(푡))퐻푥′(푡) + ⨍ 푓2(푥(푡))⨍ 퐻푥′(푡),(4.1.5)
where퐻푥′(푡) is the mean curvature of 퐹1,훾(푡) along horizontal vector 푥
′(푡).
By (2.2.2), the vector ⨍
퐹1,푝
d푓2(푥
′(0)) has norm in[
푒−휘1(휖|퐿0,훿0,푛)퐿−1
0
, 푒휘1(휖|퐿0,훿0,푛)퐿0
]
.
At the same time, by (1.3.1) and (3.1.3),|||푓2(푥(푡))퐻푥′(푡)||| ≤ (푚 − 푛)퐿0푒휖훿휖.
So is the last term in (4.1.5).
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Then for sufficient small 휖, 휕퐸
′
휕푡
|||푡=0 has norm
(4.1.6)
||||휕퐸
′
휕푡
||||푡=0 ∈
[
푒−휘2(휖)퐿−1
0
, 푒휘2(휖)퐿0
]
.
On the other hand, 휕푦퐸
′ equals to the Hessian of 퐸푝(푦), which by standard Hes-
sian comparison, satisfies
(4.1.7) cos(퐿−1
0
푒−휖휖)ℎ2 ≤ Hess(퐸푝) ≤ cosh(퐿0푒휖휖)ℎ2.
Combining (4.1.4), (4.1.6) and (4.1.7), we conclude that 푑Ψ has norm
| dΨ| ∈ [(푒−휘(휖)퐿0)−1 , 푒휘(휖)퐿0
]
.
Now it is easy to see that Ψ is a 푒휘(휖)퐿0-bi-Lipschitz diffeomorphism and sat-
isfies the requirements in Proposition 4.1. Indeed, by construction Ψ is also an
(푒2휖퐿0, 2푒
휖퐿0휖)-quasi-isometry. It follows from (1.6.1) that the fiber of Ψ has di-
ameter ≤ 2푒3휖퐿0휖. Since (1.1.1) is a local trivialization, the fiber of Ψ must be
connected. Hence Ψ is a bi-Lipschitz diffeomorphism.
If the fiber bundles 푓푖 (푖 = 1, 2) are 퐺-equivariant, then by the construction
above, it is clear that Ψ is also 퐺-equivariant. 
Remark 4.2. If in addition, the higher derivatives of 푓푖 and the curvature tensor of
푌2 admit uniform bounds, then so is for Ψ ∶ (푌1, ℎ1) → (푌2, ℎ2) in Proposition 4.1.
In particular, 푓1 and Ψ
−1
◦푓2 would be 휘(휖)-퐶1-close.
5. BUNDLE ISOMORPHISM Φ1 ON TOTAL SPACES
In this section we construct a diffeomorphic bundle map
Φ1 ∶ (푀,푌1,Ψ
−1
◦푓2)→ (푀,푌1, 푓1).
Continue from section 4. Let Ψ ∶ (푌1, ℎ1) → (푌2, ℎ2) be the bi-Lipschitz diffeo-
morphism provided by Proposition 4.1. Then the composition 푓̂2 = Ψ
−1
◦푓2 ∶
(푀, 푔1) → (푌1, ℎ1) is a (휘(휖) + 2 ln퐿0)-almost Riemannian submersion, which by
(4.1.1) satisfies
(5.1.1) 푑(푓1(푥), 푓̂2(푥)) ≤ 2퐿20 diamℎ1 퐹1,푓1(푥).
Throughout this section, we only use 푔1 and ℎ1 and all norms are measured by them.
For any 푝 ∈ 푌1 and 푥 ∈ 퐹2,푝 = 푓̂
−1
2
(푝), let 푝푥 = 푓1(푥). Up to a blowup rescaling,
we assume that inj. radℎ1 (푝) = 1. Then by (5.1.1), (3.1.2) and (1.5.1),
푑(푝푥, 푝) ≤ 2퐿20휖 ⋅ inj. radℎ1 (푝푥) ≤
2퐿2
0
휖
1 − 2퐿2
0
휖
inj. radℎ1(푝).
Thus, the minimal geodesic 훾푥 ∶ [0, 1] → 푌1 from 푝푥 = 훾푥(0) to 푝 = 훾푥(1) in
(푌1, ℎ1) is unique and depends smoothly on 푥. Let 훾̃푥 ∶ [0, 1] → (푀, 푔1) be the
unique 푓1-horizontal lifting of 훾푥 at 푥, then we define Φ1(푥) = 훾̃푥(1).
Clearly, Φ1 depends smoothly on 푥 and lies in 퐹1,푝, and thus it is a bundle map
from (푀,푌1, 푓̂2) to (푀,푌1, 푓1), i.e., 푓1◦Φ1 = 푓̂2.
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Notice that if dΦ1 is non-degenerated at every point 푥 ∈ 푀 , thenΦ1 is a covering
map homotopic to the identity, and hence a diffeomorphic bundle isomorphism.
Indeed, a smooth homotopy 퐻 is naturally defined by
(5.1.2) 퐻 ∶ [0, 1] ×푀 →푀, 퐻(푡, 푥) = 훾̃푥(푡),
such that퐻(0, ⋅) = Id푀 , and퐻(1, ⋅) = Φ1.
To show 푑Φ1 is isomorphic, we have the following observation.
Lemma 5.2. 푑Φ1 is non-degenerate if and only if 푑휑2(푣) ≠ 0, for any 푓2-vertical
vector 푣.
Proof. Let 0 < 푟 < inj. radℎ1(푝) = 1, and let
휑 ∶ 푓−1
1
(퐵푟(푝)) → 퐵푟(푝) × 퐹1,푝, 휑 = (푓1(푥), 휑2(푥))
be a local trivialization of 푓1 centered at 퐹1,푝 defined in (1.1.1), where 휑2 is its 2nd
factor as in (1.1.2). Then by definition,
(5.2.1) Φ1(푥) = 훾̃푥(1) = 휑2(푥), for any 푥 ∈ 퐹2,푝 ∩ 푓
−1
1
(퐵푟(푝)).
It follows that
(5.2.2) dΦ1(푣) = d휑2(푣), for any 푓2-vertical vector 푣 ∈ 푓2(푥).
Furthermore, by definition
(5.2.3) d푓̂2 = d푓1◦ dΦ1,
which implies that the kernel of dΦ1 is contained in the 푓2-vertical distribution 푓2 ,
(5.2.4) ker dΦ1 ⊂ 푓2(푥).
By (5.2.2) and (5.2.4) we conclude Lemma 5.2. 
Proposition 5.3. There is 휖0 = 휖0(퐿0, 훿0, 푛) > 0 such that if 0 ≤ 휖 ≤ 휖0, then
Φ1 ∶ (푀, 푔1) → (푀, 푔1) is a diffeomorphism satisfying 푓1◦Φ1 = 푓̂2, and the
restriction of Φ1 on every fiber is 푒
휘(휖)-bi-Lipschitz.
Proof. Continue from the above discussion. Let 휑 = (푓1, 휑2) be the local trivial-
ization of 푓1 be defined as (1.1.2). By Lemma 5.2, it suffices to show that for any
푔1-unit vector 푣 ∈ 푓2 (푥), dΦ1(푣) = d휑2(푣) ≠ 0.
Let 푣 = 푣⊥ + 푣⊤ be its orthogonal decomposition such that 푣⊥ ∈ 푓1(푥) and
푣⊤ ∈ 푓1(푥). By (2.2.1) in Proposition 2.2,
(5.3.1) |푣⊥| ≤ 휘(휖), |푣⊤| ≥ √1 − 휘2(휖),
where 휘(휖) = 휘(휖|퐿0, 훿0, 푚) and the norm hereafter is measured in 푔1.
Since | sec(푌1, ℎ1)| ≤ 1, d휑2 can be explicitly estimated by variation of horizon-
tal curves. Let 훾 ∶ [0, 1] → (푌1, ℎ1) be the minimal geodesic from 푝푥 = 푓1(푥) to
푝 = 푓̂2(푥). By (1.2.1)-(1.2.2) ,
(5.3.2)
| d휑2(푣⊤)| ≥ 푒−푒휖 ⋅|퐼퐼퐹1,훾 |⋅푑(푝푥,푝) ⋅ |푣⊤|,| d휑2(푣⟂)| ≤ 퐶푒3휖+푒휖 |퐼퐼1,훾 |⋅푑(푝푥 ,푝) ⋅ |퐴1,훾 | ⋅ 푑(푝푥, 푝) ⋅ |푣⟂|,
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where |퐼퐼1,훾| = max푡 |퐼퐼푓−1
1
(훾(푡))| and |퐴1,훾 | = max푡 |퐴푓−1
1
(훾(푡))|, which by (1.4.2),
is bounded by 2푒3휖훿0.
Since 푑(푝푥, 푝) ≤ 2퐿
2
0
휖
1−2퐿2
0
휖
, combing (5.3.1)-(5.3.2) we derive
| dΦ1(푣)| ≥ | d휑2(푣⊤)| − | d휑2(푣⊥)|
≥ 푒−휘(휖)√1 − 휘(휖) − 휘(휖).(5.3.3)
Clearly, | dΦ1| admits a similar upper bound. 
We make several remarks on Proposition 5.3 in order.
Remark 5.4. For any point 푥 ∈ 푀 , by Proposition 4.1, inj. radℎ1(푓1(푥)) is also
uniformly proportional to inj. radℎ1(푓2(푥)). By Proposition 5.3, diam푔1 퐹1,푓1(푥) and
diam푔2 퐹2,푓2(푥) are 푒
휘(휖)퐿0-proportional to each other.
Remark 5.5. The method in this section can be applied as a replacement of [7,
Proposition A.2.2] in the construction of a global nilpotent Killing structure in [7],
where an isotopy from Id푀 to Φ1 is required.
Indeed, in the above case 푓1 and 푓̂2 are 퐶
1-close (see Remark 4.2). Hence, for
any 푡 ∈ [0, 1], the map퐻푡 ∶ 푀 → 푌1,퐻푡(푥) = 훾푥(푡) is also an almost Riemannian
submersion, where 훾푥 ∶ [0, 1] → 푌1 is the unique minimal geodesic from 푓1(푥)
to 푓̂2(푥). By the fact again that everything involved is 퐶
1-close, it is easy to see
that the estimate (5.3.1)-(5.3.2) also works for Φ푡(푥) = 훾̃푥(푡). Hence the homotopy
퐻 ∶ [0, 1] ×푀 →푀 ,퐻(푡, 푥) = Φ푡(푥) is an isotopy from Id푀 to Φ1.
Therefore, Proposition 5.3 generalizes Proposition A2.2 in [7]. One benefit of
our approach is, the normal injectivity radius of fibers are not required to admit a
uniform lower bound.
Remark 5.6. Behind the proof of Proposition 4.1 is the fact that 휓푝,푥 defined in
(2.3.1) is a diffeomorphism onto its image (though it is not explicitly used). This
fact can be verified as follows.
Let 휑 = (푓1, 휑2) be the local trivialization of 푓1 given by (1.1.1). By the same
argument in proving Proposition 5.3, 푓2 is transversal to the kernel of d휑2 in
푓−1
1
(퐵푟(푝)) for any 0 < 푟 < min{1, inj. radℎ1(푝)} and sufficient small 휖. By Lemma
5.2, the map 휓푝,푥 is a local diffeomorphism.
We claim that any 푓2-fiber in 푓
−1
1
(퐵푟(푝)) intersects with 푆푥 = 휑
−1
2
(푥) at most
once. Hence 휓푝,푥 is a diffeomorphism onto its image.
To verify the claim, let us argue by contradiction. If some 푓2-fiber 퐹2 lying in
푓−1
1
(퐵푟(푝)) intersects with 푆푥 at two points 푧1 and 푧2, then there are two curves
훼 ∶ [0, 1] → 푆푥 and 훽 ∶ [0, 1] → 퐹2, both of which are connecting 푧1 and 푧2,
such that they are homotopic to each other with fixed endpoints. After passing to
the tangent space of 푇푥푀 , the lifts of 푆푥 can be viewed as a coordinate plane 푆̃푥. It
follows that the lifting 훽̃ has two endpoints in 푆̃푥, and thus there is some 푡0 ∈ (0, 1)
such that 훽̃′(푡0) is tangent to 푆̃푥, which contradicts to the fact that 푓2 is transversal
to 푆푥.
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6. AFFINE BUNDLE ISOMORPHISM AND PROOFS OF MAIN THEOREMS
We first prove Theorem 2.1.
Let (푀,푌푖, 푓푖) be two affine bundles equipped with metrics 푔푖, ℎ푖 on 푀 and 푌푖
respectively, which satisfy the conditions in Theorem 2.1. Then 푓푖 ∶ (푀, 푔푖) →
(푌푖, ℎ푖) are Riemannian submersions and ℎ푖 is the quotient of 푔푖 by the canonical
nilpotent Killing structure of 푓푖 on (푀, 푔푖).
Because 푓푖 is a Riemannian submersion, |∇2푓푖| is bounded bymax{|퐼퐼푓푖|, |퐴푓푖|},
where |퐼퐼푓푖| is bounded by (2.1.3), and by O’Neil’s formula [28] and (2.1.1), |퐴|2 ≤
8
3
. Proposition 2.2 holds for 푓푖.
By Proposition 4.1 and Proposition 5.3, there are diffeomorphic bundle isomor-
phism (Φ1,Ψ
−1) between (푀,푌2, 푓2) and (푀,푌1, 푓1) i.e.,Ψ
−1
◦푓2 = 푓1◦Φ1. How-
ever, dΦ1 generally does not preserve the affine connection between 푓푖-fibers.
In order to improve Φ1 to an affine bundle isomorphism, we first prove that the
group actions induced by the affine structures are 퐶1-close.
Let 픫1 be the canonical nilpotent Killing structure for affine bundle 푓1, and 픫2
be the push forward of that for 푓2 by Φ1 on 푀 . Let us fix a point 푝 ∈ 푌1, and
let 푟 = inj. radℎ1 (푝)∕2. Then 푈 = 푓
−1
1
(퐵푟(푝;ℎ1)) is 픫푖-invariant. Let 푈̃
휋
→ 푈 be
the universal cover, 푓̃1 = 푓1◦휋 and 푓̃2 = 푓2◦Φ
−1
1
◦휋. Then the pullback 푛̃푖 on 푈̃
generates two free actions 휌푖 of simply connected nilpotent Lie groups 푁푖, which
are left translations on 푓̃푖-fibers. Let Λ be the fundamental group of 푓
−1
1
(푝) =
(Ψ−1◦푓2◦Φ
−1
1
)−1(푝). By Malcev’s rigidity theorem (see [34]), 푁1 and 푁2 can be
identified to a same group 푁 by the natural isomorphism between their lattice Λ ∩
푁푖. Moreover, the two actions 휌1 and 휌2 of푁 coincide on Λ.
Lemma 6.1. The two actions 휌푖 (푖 = 1, 2) generated by the pullback 픫̃푖 on 푈̃ are휘(휖|퐿0, 훿0, 푛)-퐶1-close.
Proof. Let 푔̃1 (resp. 푔̃2) be the pullback metric of 푔1 (resp. (Φ
−1
1
)∗푔2) on 푈̃ . The
action 휌푖 is isometric with respect to 푔̃푖. Since 퐼퐼 푓̃푖 with respect to 푔̃푖 is under
control, by [3, Proposition 4.6.3] (or [7, Lemma 7.13]),
inj. rad휋∗ℎ푖(푥̃) ≥ min{푟∕2, 푖0(훿0, 푛)} > 0,
for any point 푥̃ with 푑(푥̃, 휕푈̃) > 푟∕2.
Let 휀̂ = min{1, inj. radℎ1 (푝)}. Let us rescale 푔̃푖 by 휀̂
−1 and let 휖 → 0. By passing
to a subsequence, we can assume that the equivariant convergence
(푈̃ , 휀̂−1푔̃푖, 푥, 휌푖(푁))
퐶1,훼
⟶ (푈̃ , 푔̃푖,∞, 푥, 휌푖,∞(푁)).
Because the diameter of both 푓1-fibers and 푓2-fibers goes to 0, the action of Λ
becomes more and more dense such that 휌푖,∞(푁) is also the limit action of Λ. Thus
the two limit actions coincide. This implies that the actions of 픫̃푖 are 퐶
1-close,
which are invariant under rescaling by 휀̂. 
By the 퐶1-closeness of 휌푖, it follows from the argument in [7, section 7] that Φ1
can be modified to an affine bundle isomorphism. In the following we give a proof
for completeness.
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Proposition 6.2. There is an 퐺-equivariant diffeomorphism Φ2 ∶ 푀 → 푀 such
that (Φ2)∗픫2 = 픫1.
Proof. We will follow the argument in [7, section 7] to derive Φ2. Let 푈̃1 =
푓̃−1
1
(퐵푟∕2(푝)) ⊂ 푈̃ .
We first prove that there is a 푁-equivariant diffeomorphism Φ̃2 ∶ 푈̃1 → 푈̃1.
Continue from Lemma 6.1. Let 휌푖 be the action of 푁 on 푈̃ . For any 휆 ∈ Λ, we
have 휌1(휆) = 휌2(휆), and for any [ℎ] ∈ Λ∖푁 , 휌1([ℎ]
−1)◦휌2([ℎ]) is well defined and휘(휖) 퐶1-close to the identity. For any 푥 ∈ 푈̃1, let Φ̃2(푥) be the center of mass of
ℎ↦ 휌1([ℎ]
−1)◦휌2([ℎ]), i.e., the critical value of
푦→ ∫Λ∖푁 푑(푦, 휌1(ℎ
−1)◦휌2(ℎ)푥)푑ℎ
By [19], Φ̃2 ∶ 푈̃1 → 푈̃1 is well-defined diffeomorphism such that
Φ̃2◦휌2(ℎ)(푥) = 휌1(ℎ)Φ̃2(푥), for any ℎ ∈ 푁 .
Secondly, by the construction, the quotient Φ2 ∶ 푓
−1
1
(퐵푟∕2(푝)) → 푓
−1
1
(퐵푟∕2(푝))
is 퐺-equivariant and affine-equivariant. Moreover, for any 푥 ∈ 퐵푟∕2(푝), the defini-
tion of Φ2(푥) does not depends on the choice of 푝. Thus Φ2 can be extended to a
globally defined 퐺-equivariant diffeomorphism such that (Φ2)∗픫2 = 픫1.

Proof of Theorem 2.1.
Let Ψ ∶ 푌1 → 푌2, Φ1 ∶ 푀 → 푀 and Φ2 ∶ 푀 → 푀 to be diffeomor-
phism given by Proposition 4.1, Proposition 5.3 and Proposition 6.2 respectively.
Let Φ = (Φ2◦Φ1)
−1, then Ψ◦푓1 = 푓2◦Φ. Because Φ preserves the nilpotent
Killing structures of 푓푖, it is an affine bundle isomorphism. By construction, Φ
is 퐺-equivariant, if in addition, 푓푖 are 퐺-equivariant.

Proof of Theorem 0.1.
Let 픫푖 be a nilpotent Killing structure on 푀 associated to 푔푖 (푖 = 1, 2). By
Theorem 1.11, without loss of generality we assume that 푔푖 is 픫푖-invariant and|∇푗푅| ≤ 퐴푗(푛) (푗 = 0, 1,… ). By O’Neill formula, the orthonormal frame bundle
(퐹푀, 푔̃푖), with a canonical metric induced by 푔푖, still admit a uniform two-sided
sectional curvature bound.
Since the differential action of 픫푖 on 퐹푀 is free and 픫푖 is pure, the quotient of
퐹푀 by the lifting nilpotent Killing structure 픫̃푖 is still a Riemannian manifold 푌푖.
Moreover, since 픫푖 is pure and points all collapsing directions, the injectivity radius
of 푌푖 admits a uniform lower bound 푖0(푛) (see [13], [7]).
Thus, 픫̃푖 corresponds to an 푂(푛)-equivariant affine bundle 푓̃푖 ∶ (퐹푀, 푔̃푖) → 푌푖
satisfying (2.1.1), (2.1.2), and (2.1.3).
If the dimension of 푌푖 is the same, then by Theorem 2.1, 푌1 and 푌2 are diffeomor-
phic and (퐹푀, 푌푖, 푓̃푖) are isomorphic as affine bundles. Consequently, the affine
bundle isomorphism Φ̃ ∶ 퐹푀 → 퐹푀 descends to a diffeomorphism Φ ∶ 푀 →
푀 , such that Φ∗픫1 = 픫2, and their infinitesimal action are conjugate by Φ.
20 ZUOHAI JIANG AND SHICHENG XU
Now let us assume that 푛1 = dim 푌1 < dim 푌2 = 푛2. Since 푔1 and 푔2 are 퐿0-
Lipschitz equivalent, the nilpotent Killing structure for 푔̃2 can be chosen to be of
the same dimension, i.e., there is another affine bundle 푓̃ ′
2
∶ (퐹푀, 푔̃2) → (푌
′)푛1 .
By local compatibility of nilpotent structures (see [7, Section 7]), there is an
affine bundle 휑 ∶ 푌 푛2 → (푌 ′)푛1 such that 휑◦푓̃2 is isomorphic to 푓̃
′
2
as affine bun-
dles. Now by Theorem 2.1, 푓̃ ′
2
is conjugate to 푓̃1, and thus after descending to푀 ,
we derive a diffeomorphism Φ ∶ 푀 →푀 such that Φ∗픫2 ⊂ 픫1 as a subsheaf. 
Proof of Theorem 0.3.
It directly follows from Theorem 0.1. 
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